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The disclination in Lorentz space-time is studied in detail by means of topological properties of φ-
mapping. It is found the space-time disclination can be described in term of a Dirac spinor. The size
of the disclination, which is proved to be the difference of two sets of su(2)-like monopoles expressed
by two mixed spinors, is quantized topologically in terms of topological invariants−winding number.
The projection of space-time disclination density along an antisymmetric tensor field is characterized
by Brouwer degree and Hopf index.
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I. INTRODUCTION
The topological space-time defects, if they exist, may help to explain some of the largest-scale structure seen in
the universe today. They may have been found at phase transitions in the early history of the universe, analogous to
those found in some condensed matter systems−vertex line in liquid helium, flux tubes in type-II superconductors,
or disclination lines in liquid crystals.
There are two kind of space-time defects relates to torsion and curvature, namely dislocation and disclination.
Dislocation is characterized as the projection of torsion on some directions. Recently, a lot of works on the spin and
torsion have been done by many physicists [1{12]. Many of them [9{12] are focused on the space-time dislocation
by considering the eect of topology of torsion in the Riemann-Cartan manifold. The consideration partially comes
from the gauge eld theory of dislocation and disclination continuum about deformable material media [13,15{18].
These works is trying to clarify the quantization of the gravitation (i.e. to quantize the Riemann-Cartan space-time
itself). Moreover, they hope to nd the dynamical relation between the stress-energy-momentum tensor and curvature
is expressed in general relativity by Einstein equations. On the other hand, the space-time disclination, which can
be characterized by projecting the curvature on tensors, has the same important meaning as that of the torsion.
Space-time disclination reflects the intrinsic property of the curved space-time. It is caused by inserting solid angles
into the flat space-time. In Riemann-Cartan geometry, this eect is showed by the integral of the ane curvature
along a closed surface. Duan, Duan and Zhang [13] had discussed the disclinations in deformable material media
by applying the gauge eld theory and decomposition theory of gauge potential. In their works, the projection of
disclination density along the gauge parallel vector was found corresponding to a set of isolated disclinations in the
three dimensional sense and being topologically quantized.
In the previous paper [14], we study the disclinations in the space-time of Euclidean, not Lorentzian, signature. For
the property so(4) = su(2)⊗su(2), the dislocation is decomposed as the sum of two sets of isolated disclinations. Both
of them are topological quantized. There would clearly be diculty in extending the methods to the case of indenite
metric, because the Lorentz group SO(3; 1) is not, like SO(4), decomposable into a product of SU(2) groups. For
this reason, the physical relevance of the results obtained is unobvious and at best indirect.
In this paper, we study the disclinations in Lorentz space-time in detail. By dening an antisymmetric tensor in
terms of a Dirac spinor, we get the disclination projection density. The projection of disclination is proved to be
the dierence of two sets of isolated disclinations, each of which corresponds to a su(2)-like monopole expressed by
some mixed spinor. We show that the size of space-time disclination is quantized topologically. The positions of the
disclination vertices are determined by the zeroes of two mixed spinors. And the Hopf index and Brouwer degree
classify the disclinations and characterize the local nature of the space-time disclinations. For this quantization of the
size of the space-time disclinations is related to the space-time curvature directly, it perhaps relates to the quantization
of space-time.
This paper is arranged as follows: In section 2, we discuss the representation of the space-time disclination. In
section 3, we review the gauge theory of Lorentz group and give the space-time disclination projection density in terms
∗E-mail: lisheng@itp.ac.cn
1
of Dirac spinor. At last, we discuss the topological quantization and the local topological property of the space-time
disclination in section 4.
II. THE REPRESENTATION OF SPACE-TIME DISCLINATION
Let M be a compact, oriented 4-dimensional Riemannian-Cartan manifold and P (M; G; ) be a principal bundle
with structure group G = SO(3; 1). As it was shown in [13], the dislocation and disclination continuum can be
described by the reference, deformed and natural states. For the natural state there is only an anholonomic rectangular
coordinate Za (a = 1; 2; 3; 4) and
Za = eadx
; (1)
where ea ( = 0; 1; 2; 3) is vielbein. In this paper, we use a = 1; 2; 3; 4 to denote the Lorentz script with the fourth
component be pure imaginary and the signature of the metric of Lorentz group is (+ + ++). The metric tensor of




We have known that the metric tensor g is invariant under the local SO(3; 1) transformation of vielbein. The
corresponding gauge covariant derivative 1-form of an antisymmetric tensor eld ab = −ba onM is given as
Dab = dab − !accb − !bcac; (3)
where !ab is SO(3; 1) spin connection 1-form
!ab = −!ba !ab = !ab dx: (4)





The torsion tensor is the antisymmetric part of Γ and is expressed as
T  = e






The Riemannian curvature tensor is equivalent to the SO(3; 1) gauge eld strength tensor 2-form F ab, which is given
by
F ab = d!ab − !ac ^ !cb F ab = 1
2
F abdx
 ^ dx (8)
and relates with the Riemann curvature tensor by
F ab = −Reaeb: (9)
The dislocation density is dened by




 ^ dx : (10)
Analogous to the denition of the 3-dimensional disclination density in the gauge eld theory of condensed matter,







bdx ^ dx = −F ab: (11)
The size of the space-time disclination can be represented by the means of the surface integral of the projection of








where  is a closed surface including the disclinations. The new quantity Ω dened by (12) is dimensionless. Using
the so-called -mapping method and the decomposition of gauge potential Y. S. Duan et al have proved that the
dislocation flux is quantized in units of the Planck length [12]. In this paper we will show the size of the space-time
disclination (12) is topologically quantized also and is the dierence of two sets of solid angles.
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III. THE GAUGE THEORY OF LORENTZ GROUP AND DISCLINATION PROJECTION
In this section we will review the gauge theory of Lorentz group SO(3; 1) and give the description of disclination
projection density.
Let the four-dimensional Dirac matrix γa are the basises of Cliord algebra which satises
γaγb + γbγa = 2ab: (13)










The covariant derivative 1-form of  is given by
D = d − [!; ];





The curvature 2-form (gauge eld) is
F = d! − ! ^ !: (16)
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"ijkF jk − F i4)i: (20)













"ijk!jk − !i4)i: (21)
It can be proved that
FR = d!R − !R ^ !R FL = d!L − !L ^ !L: (22)
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There exist the relations
F yR = −FL !yR = −!L: (23)







where R and L are the right-handed Weyl spinor and left-handed Weyl spinor respectively. The Dirac spinor  
transforms under S 2 SO(3; 1) as
 ! S : (25)
The covariant derivative of  is
D = d − ! : (26)
For the Dirac conjugate spinor





the covariant derivative is
D  = d  +  !: (28)
Then the covariant derivatives of R;L and 
y
R;L are












Dene an antisymmetric tensor ab as
ab = − i
2
 Iab (31)
It is easy to prove ab is a SO(3; 1) covariant tensor with ij (i; j = 1; 2; 3) are real and i4 are pure imaginary. Then
the projection of curvature 2-form F ab on ab is
F abab = −i  F (32)
Therefore, we get the disclination projection density in Lorentz Space-time as
Fp = −F abab = i  F (33)
which is a Lorentz invariant.
Noticing that
F = −D2 ; (34)
we get
−i  F = iD(  D )− iD  ^D : (35)
For  D is a Lorentz scalar, we have
iD(  D ) = id(  D )
= id  ^ d − id(  ! ): (36)
Denote the projection of the connection 1-form !ab on ab as
A = !abab = −i  ! : (37)
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Substituting equations (35), (36) and (37) into the disclination projection density (33), we get
Fp = −id  ^ d − dA+ iD  ^D 
= −idyL ^ dR − idyR ^ dL − dA+ iD  ^D : (38)








(R − L): (40)
We get the disclination projection density in terms of the mixed spinors
Fp = −2idy+ ^ d+ + 2idy− ^ d− + dA+ iD  ^D : (41)
Choose proper  such that
 y = 4 and   = 0;
which makes + and − satisfy
y++ = 
y
−− = 1: (42)
For the nontrivial topology of space-time, there must exist some points where the mixed spinors  are singular.
Therefore Fp is not a total derivative globally. For the mixed spinors do not transform covariantly under the Lorentz
transformation, the rst term and the second term of the disclination projection density (41) do not remain invariant
under the Lorentz transformation respectively. However, the total disclinations projection density Fd do hold invariant.





which make ni be unit vectors
nin
i
 = 1: (44)
Substitute (43) into the rst and the second terms of the right hand side of equation (41), it can be proved





 ^ dnk: (45)
The denition (43) actually gives a Hopf map
S3 ! S2 (46)
and equation (45) gives two su(2)-like monopoles [20,21]. If  is taken as a gauge parallel spinor
D = 0; (47)











− ^ dnk− + dA: (48)
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"ijkdni+ ^ dnj+ ^ dnk+ −
1
2
"ijkdni− ^ dnj− ^ dnk−; (51)
in which @V = . Let us choose coordinates y =
(
u1; u2; u3; v














































































IV. TOPOLOGICAL STRUCTURE OF THE SPACE-TIME DISCLINATION
In this section, we describe the disclination in Lorentz space-time by means of topological properties of -mapping.




where i, are smooth vectors along the direction of ni respectively. We see clearly that the singular points of ni






































































































It is obvious that  is non-zero only when  = 0.
Suppose that i(x), possess K isolated zeros respectively, according to the deduction of [22] and the implicit
function theorem, the solutions of (u1; u2; u3; v) = 0 can be expressed in terms of u = (u1; u2; u3) as






l (v); v)  0; (64)
where the subscript l = 1; 2;    ; K represents the lth zero of i, i.e.
i(z
i
l ) = 0; l = 1; 2;    ; K; A = 1; 2; 3: (65)












)jx=zl = 1 (67)
is the Brouwer degree of -mapping and l are positive integers called the Hopf index of map  which means
while the point x covers the region neighboring the zero x = zl once,  covers the corresponding region l times.

















It is obvious from (69) that the size of the space-time disclination is quantized for topological reason.
We nd that (68) is the exact density of a system of K+ and K− classical point-like objects with quantized \charge"
+l+l and −l−l in space-time, i.e. the topological structure of disclinations formally corresponds to a point-like
system. These point objects may be called disclination points as in nematic crystals [23]. In [24], it was shown that the
existence of disclination points is related to a kind of broken symmetries. The dislocations and disclinations appear
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as singularities of distortions of an order parameter [25]. In our paper, the disclination points are identied with the
isolated zero points of vector eld i(x). From (61) we know that these singularities are those of the disclination
density as well.










 ^ dk (70)
which is equal to the number of times  encloses (or, wraps around) the point  = 0. Hence, the space-time
disclinations is quantized by the winding numbers
Ω = 4W+ − 4W−: (71)
The winding number W of the surface  can be interpreted or, indeed, dened as the degree of the mappings 












= 4 deg ; (72)
where deg  are the degrees of map  : V ! (V ): Then the space-time disclination is






and Vl includes only one zero zl of , i.e. zl 2 Vl. The winding number of the surface l = @Vl and the










 ^ dk; (75)





























may be regarded as the solid angle on n(l) subtended by the surface element dS on l. Now it is easy to see
why the space-time disclination is caused by inserting solid angles into the flat space-time.
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Also we can write
Ω = 4(N++ +N
−
− )− 4(N−+ +N+− ) (80)
in which N are the sums of the Hopf indexes with respect to  = 1. We see that while x covers V once, A
must cover (V ) N+ times with  = 1 and N
−
 times with  = −1. Therefore the topological disclinations are
distinguished by the sign of the Jacobian J(=u) at the zero point x = z

l. Consequently, the global topological
property of disclinations is characterized by the Brouwer degrees and Hopf indices of each disclination point, which
label the local structure of disclinations.
In this paper, we have studied the topological structure, global and local properties of disclinations in Lorentz
space-time. The disclinations we discussed are the general 4-dimensional case, which is characterized by the so-
called topological points. The size of space-time disclination is quantized for topological reason. The topological
characteristics of the space-time disclinations are determined by the winding numbers which can be represented by
the Brouwer degrees and Hopf indices at the disclination points. From the denition of the space-time disclination
(11), we know that the space-time disclination is expressed exactly by the curvature of space-time. Therefore the
quantization of the size of space-time disclination has close relationship with the quantization of space-time.
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